HYPOELLIPTICITY OF A CLASS OF INFINITELY 
DEGENERATE SECOND ORDER OPERATORS AND SYSTEMS 
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Abstract. In this paper we establish a hypoeUipticity result for second order 
linear operators comprised by a linear combination, with infinite vanishing co- 
efiicients, of subelliptic operators in separate spaces. This generalizes previous 
known results. 



1. Introduction 

An operator L acting on V (M"), the set of distributions, is said to be hypoelliptic 
if whenever u € ^'(M") and Lu e C°° (M") then u e C°° (R"). A sufficient 
condition for an operator to be hypoeUiptic is subelhpticity: L is subehiptic if 
there exists some e,C > such that 

(1.1) \\u\\l <C (\{Lu,u)\ + \\u\f^ for all M e Co°° (M") ; 

II -11^, denotes the Sobolev norm of order s G M (see Definition 12.11 below*) . and ||-|| — 
ll'llg is the norm in W\ Some necessary and sufficient conditions for subelhpticity 
have been established in terms of associated vector fields by Hormander in his 
pivotal paper [3^ ; and in terms of subunit metric balls by Fefferman and Phong 2] . 
Subelliptic operators may have ellipticity vanishing locally to at most a finite order. 

An operator with infinitely vanishing ellipticity is not subelliptic, such operators 
do not satisfy the Hormander condition. The first known hypoeUipticity results for 
infinitely degenerate operators are due to Fedii [T], where the simplest example is 
P = d^ + k {x) dy with k (x) > for x 7^ 0, ^/k is smooth and it is allowed to vanish 
to any order at the origin. A different criterion for hypoeUipticity was developed by 
Morimoto in Section 2 of [9!, where he generalizes the seminal techniques from [I]. 
Other sufficient conditions for hypoeUipticity where obtained by the same author 
in [To], where the left hand side on the subelhpticity condition (|1.1|) is replaced by 
logarithmic Sobolev norms. 

The hypoeUipticity of semilinear operators with principal part satisfying the 
Hormander condition was established in [20]. Certain quasilinear operators with 
infinitely vanishing ellipticity have been studied in two dimensions by Sawyer and 
Wheeden motivated by applications to Monge- Ampere equations fTT] [T^ ; Rios et 
al extended these results to a wider class of infinitely vanishing quasilinear equa- 
tions in higher dimensions [151 116) . However, hypoeUipticity was only obtained for 
continuous solutions. Previous nonlinear hypoeUipticity results had also required 
extra hypothesis on solutions: in [21] quasilinear subelliptic systems are considered, 
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and hypoellipticity is obtained for continuous solutions; in jll) 112] hypoellipticity 
is obtained for bounded solutions of certain infinitely degenerate quasilinear equa- 
tions. 

Returning to the linear case, Kusuoka and Stroock extended Fedii's two dimen- 
sional result to the case when only k is required to be smooth and it may vanish 
at any order at the origin :6 . However, in 6^ the authors also showed that in 
higher dimensions hypoellipticity may fail for certain linear operators depending 
on the vanishing ellipticity order; they in fact obtained a quite spectacular char- 
acterization of hypoellipticity ioi Q = + k (x) dy + d^: Q is hypoelliptic if and 
only if lim-c-yo log fc (a;) — 0. Their proofs rely on the Malliavin Calculus. In [9], 
Morimoto, using non-probabilistic methods, extended Kusuoka and Strook's result 
to pseudodifferential operators of the form R = a {x, y, D^) + g (x') b {x, y, Dy) in 
R" = X Wy'^ , where a and b are strongly elliptic pseudodifferential opera- 
tors, X = {x',x") e M"i = ]R''i X M'*^ g is smooth, g {x') > for x' ^ and 
lima,/^o \x'\ |log5(a;')| = 0. 

In fact, Fedii's two dimensional result does extend to operators in higher dimen- 
sions regardless of the order of vanishing if their structure is similar that of the two 
dimensional operator P. Indeed, P may be written in the form P = Li + k (x) L2 
in M X M, where Li = 9^ and L2 = dy are one dimensional elliptic operators (notice 
that the coefhcient k does not depend on the second variable). With this perspec- 
tive, Morimoto generalized Fedii's result to pseudodifferential operators of the from 
R = a{x, y, Dx) + g{x)b {x, y, Dy) in R" — R"i x Wy^ , where a and b are strongly 
elliptic pseudodifferential operators, g {x) > for x ^ 0, g is smooth and it can 
vanish at any order at the origin [Q. Over a decade later Kohn [5] proved the 
hypoellipticity of R in the case that a{x,Dx) = Li and b{y,Dy) = L2 are only 
assumed to be differential operators 

(1-2) = - E 4 ^ + E £r + > 

ox^aXj ux^ 

which are subelliptic in R"'', k = 1, 2, respectively. 

The purpose of this paper is to generalize Kohn's result to an arbitrary finite 
number of subelliptic operators in separate variables, extending the Fedii's type 
structure modeled in [H |5]. We also obtain hypoellipticity for systems of linear 
operators with a similar infinite degeneracy. 

Definition 1.1 (Subelliptic operator). Let L be an operator defined by 
(1.3) L = -Y.a.,ix)^^+Y.Ux)--,cix) 

where aij, bi, c € C°°{U) and (dij)^ > 0. Then L is subelliptic at xq € R" if 
there exists a neighborhood U of Xq and positive constants e and C such that 
holds for all u G C^(R"). L is called subelliptic if it is subelliptic at each point of 
R". 

Definition 1.2 (Hypoellipticity without loss of derivatives). A linear operator L 
acting on distributions in R" is hypoelliptic if and only if whenever Lu G C°° (R") 
for some distribution u, then u € C°° (R"). 

L is said to be hypoelliptic without loss of derivatives if for given any open set 
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[/ C M", then if (Lu e H" (R") for all ( G C§° (U) then (u G (K") for all 

CeCo-(C/). 

For fixed positive integers n^, k = 1, ■ ■ ■ ,to, we denote x G JlfcLi -1^"'° as x = 
(x\ . . . ,a;"") G K", with 

m 

a;'^ = (x^...,x^J GM"^ fc = l,---,m, n^^n^, 

fc=i 

and we let x^ be the vector obtained from x by omitting , i.e. 
In the scalar case, our main result is the following: 

Theorem 1.3. Suppose that L^. as in \1.2]) are subelliptic,and Xk = Xk{x^) > 0, 
k — 1, • • • ,m, are smooth functions. Assume Ai = 1, and that for 2 < k < m, 
Afc ^x''"^ > for x^ ^ Q. Then the operator L defined by 

m 

(1.4) L^^AfcLfe 

fc=i 

is hypoelliptic without loss of derivatives in M" . 

The important cases of the above result are when some of the coefficients A^ have 
a zero of infinite order at the rifc-dimensional subspaces a;'' = in M". Because of 
the local nature of the theorem, our results easily generalize to the case when 
SfcLi -^fc > 0; ^iid Afe has isolated zeroes in Ylj^^ K"^ , fc = 1, . . . , m. 

Note that in the case to = 2 considered by Kohn [S] the coefficient A = A2 was 
allowed to have zeroes of finite order outside X2 = 0. In this case, the operator 
L (a;^,a;^) = Li (x^) + A (x^) L2 (x^) is subelliptic whenever A has a zero of finite 
order and Li, L2 are subelliptic. However, when m > 3 this result is not true. 
Indeed, the operators Li = —d^ — x'^dy — y'^dz^ and L2 = — 9^ — z'^dy — y'^dz^ 
are not subelliptic in M.^ since they are sum of the squares of analytic vector fields 
which do not satisfy the Hormander condition. Now, Li is hypoelliptic while L2 it 
is not. See Theorem 1 in |13j to check the first assertion. The proof in [T3] relies 
on the special structure of Li, in which the vanishing order of the coefficients is 
restricted. We consider a different structure, where the degeneracy is localized in 
space but there is no restrictions to the order of vanishing. On the other hand, to 
check that L2 is not hypoelliptic, it is enough to note its action on the distribution 
u = 5yz, where 5yz is the Dirac delta function at the origin in M?. Since L2 is 
self- adjoint, for any test function ip G (M?^ we have 

{L2U, ip) ^ ~ (Syz, fxx + z'^fyy + y^Vzz) ^ - fxx {x, 0, 0) dx = 0. 

JR 

These examples illustrate one of the difficulties in generalizing Kohn's result to the 
structure (|1.4p including more than two summands. 

Our hypoellipticity result extends to linear systems of equations. Our interest in 
systems primarily arises from a study of an n-dimensional Monge- Ampere problem. 
Application of a partial Legendre transformation leads to a system of quasilinear 
equations. Some results on the regularity of solutions to the quasilinear system 
associated to an n-dimensional Monge- Ampere equation were obtained in |14] . In 
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the present paper we consider a general system of second order linear equations. 
We do not assume any control on the vanishing of the operators' coefficients, so 
in general vanishing can be infinite. Linear systems have been studied by many 
authors and there is a more or less established elliptic theory [71 H]. However, when 
ellipticity fails much less is known. 

We now introduce some notation pertinent to dealing with systems of equations. 
We let u (x) — (ui (x) , . . . , un (a;))* be a (column) vector function in E". Given 
the grouped variables x'' — (xi, . . . ,x'^^) € R"*" as before, 1 < k < m, we denote 
by VfcU the N ■ column vector 

VfcU = iVkUp)p^^ e M (iV ® nfe) . 

To make clear the structure of such vectors, we say that V^u <E M.{N^nk) Let 
A*^ be an TV X iV matrix with Uk x Uk matrices as its elements, we write A*' G 
M (TV X TV (g) nfe X nfe), i.e. 

(1.5) A'^ = ; 4, = e M {n, X n,) , 

similarly, let b'^ be an TV x TV matrix with rife-vectors as its elements, in this case, 
b*' e M(TV X TV(g)nfe) : 

and let c'' be an TV x TV matrix 0*" = {cpg}^^^ e M (TV x TV). We adopt the 
following multiplication conventions. Whenever A € M.{N x TV(8)nfe x n^) and 

V e R (TV (g) nfe), then Av e M (TV (g) Uk), bv € K (TV), and they are given by 

/ N \^ / N \^ 

= ( H ) ' " ( ^P-?"? ) 

\<:/=l / \g=l / 

where Aij G M(?ife x nk), bij,Vj £ M(nfe), i, j = 1, • • • , TV, Given a vector function 

V (x) G R (TV g) nfe), we define the divergence operator divfeV e R (TV) as 

divfev = (divfeWp)^^^ . 
With these conventions, we define the systems of linear operators 

L'^u = divfeA'^VfeU + b'^VfeU + c'^u. 
Notice that L'^u G R^, and the principal part of L'^ is 

\ \ ^ 



-divfeA'^VfeU = - divfe 2^ ^pqVfeUg 



q=l 



p=l 



The system L*' may be expressed in terms of the scalar operators L^^ 
(1-6) ip„ = -divfe4„(x)Vfe + bUx)^^ + 4(x). 



Indeed, we have that the p"^-component of L'^u is (L'^'u) = X^^i ^'^ 



We will assume that each system of operators L*^ , 1 < /c < to is subelliptic in 
I"''' , in the following sense: 
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Definition 1.4 (Subelliptic system). Let h be a linear system given by 

(1.7) Lu = -divAVu + bVu + cu 

where 

A ^ (^pg)i<p,,<Ar = iapqij)i<p,q<N & R {N X N <^ u X n) , 

l<z,j <n 

h€R{N X N<Sin), andceR{N x N). Then L is subelliptic at x° e M" if there 
exists a neighborhood U of x^ and positive constants e and C such that 

(1.8) ||u||2<c{|(Lu,u)| + ||u||^} 

for all u = (ui,U2, ■ ■ ■ ,U]\[) such that Ui £ C(j"(R"), i — ,N. L is called 

subelliptic if it is subelliptic at each point of M" . 

The main result for systems of equations is the following: 

Theorem 1.5. Let Xk € C°° (M"), 1 < k < m be such that Ai = 1 and Afe(a?) > 
ifx'^ ^ for k — 2, ■ ■ ■ ,m. Let the matrices A*"' be symmetric, namely a^^^j = a\pij, 
and assume that for each 1 < k < m the systems L*^ are subelliptic in R"'= . Then 
the operator L defined by 

m 

(1.9) L-^AfeLfe 

fe=i 

is hypoelliptic in K" . More precisely, if u is a vector of distributions on R" such 
that (Lu e nf=i for all C € C§°{U) where U is an open set m R", then 

Cu e nlLi H^iMJ") for all ( e C§°{U). That is, L is hypoelliptic without loss of 
derivatives. 

In this work we broadly follow the line of the proof established by Kohn [5], 
the presence of more than one function A^ prevents however of a straightforward 
adaptation of proofs and requires a more delicate analysis. The paper is organized 
as follows. First, in Section [5] we give some preliminary lemmas that are used 
further in Section [3] to prove the main a-priori estimate, Lemma 13.71 The main 
result is proved in Section 2] using families of smoothing operators. 



2. Preliminaries 

In this section we give basic definitions and establish some preliminary results 
which will be used in our proofs. 

The Fourier transform of an integrable function u is defined by 

u{£_) = f e-"-«u(a;) dx. 



The inverse Fourier transform is given by 

r (^) - / e"-«/(0 dl 



where d^ = (27r)"" d^. Note that {x) = (27r)"" / (x) where /(?)=/ hO- 
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Definition 2.1. For any s € M we define an operator by the identity 

(2.10) i?u{o = {i + \i?y'^m 

and the norm \\-\\s by 

(2.11) ||w||^ = ||A''u||i2(R„) 

For any vector function u = {ui, . . . ,un) we define A^u by the identity A^u = 
(^A^ui, . . . , A'^un^ , with the norm 

l|u|U = (^I]l|A'up||i2(R,.)j . 

We recall that, more generally, a pseudodifFerential operator P with symbol 
p{x,£,) is given by 

Pf{x)^ f e" «p(x,0"(0 d^- 



d 

Note that if p (a;, £) — ifj, then P = — — . 

dXj 

Definition 2.2. Given u G C^(M") define the partial Fourier transform '^xku{x^ ,£^^) 
by 

5-^fcu(^,e'') = / e-"'°-«'M(x)da;'= 



For vector functions u = (wi, . . . ,um), Ui £ C^(M") we set 
Definition 2.3. For s E M. define the partial operators A^^. by 

dMK''U)(^,e) - (1 + \efr^^s.^n(^,e) 

Similarly, for vector functions u, we set^^k{A'^^kU){x'',^'') = {l+\£,''\y^'^^xku{x'^ ,^''). 

The next lemma is the classical result on a composition of pseudodifFerential 
operators (see for example T^). In what follows S*™ denotes the usual classes S'"o, 
of symbols p{x,£,) satisfying 

(2.12) d^d^^p (x, < Bo.,p (l + lei ) , for all x, ^, a, /3. 

Lemma 2.4. Letp{x,(_) e S"" andq[x,C) G 5*^ f/ien 

p (x, L>) (? (x, D)^r (x, L>) e 5'™+'= 

with 



a>0 



in the sense that 

p{x,0- E D^P{x,OD^q{x,0\ eS'^+''-'',forallN>0. 



a|<Ar 
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We now give two general lemmas concerning pseudodifferential and subelliptic 
operators. The following lemma [5] is a main tool for dealing with the inner products 
involving pseudodifferential operators and ordinary derivatives. Roughly speaking, 
it allows to lower the order of differentiation in an inner product using integration 
by parts and standard pseudodifferential calculus. 

We will localize our estimates by multiplication with suitable cutoff functions. 
The following concepts will be useful in our microlocal analysis. 

Definition 2.5 (Cutoff functons, supporting relation). We say that if is a cutoff 
function in R" if Lp GC^j" (M") and < </? < 1- Given two measurable functions (/?, ij} 
we introduce the notation ip ^ tp, and we say that ijj supports ip if tp is a cutoff 
function and ^=1 in a neighbourhood o/ support(/3. 

Lemma 2.6. Let P and Q be pseudodifferential operators of orders p and q, re- 
spectively. Assume that P — P* and Q — Q* are of orders ( at most) p — 1 and q—\, 
respectively. Let CtV ^ C(j"(M"), such that Ca;. -< rj. Then there exists C > such 
that for all u e nf=i C°°(K") 

(2.13) m^...QCv^)\<c{\\(:Al+,),2 + hAl+,)/2) ■ 

Moreover, if u £ i H^'i^"') with r = max{p+ 2,q + l}, then the same estimate 
holds. 

Proof. For the simplicity of the argument let us consider the scalar case. The desired 
estimate has been already shown for u e C°°(M"') [5]. In case u € iJ'"(R") we find 
an approximating sequence {un}^^i C C°° such that lim„^oo \ \un — u\\r = 0. 
One can check that m„ defined by w^(^) — exp(— |^p/n^)u(^) satisfies the desired 
properties for all p, q e M. By the definition of r it follows that lim„_i.oo — 
u||(p+g)/2 = and, moreover, by Arzela-Ascoli theorem (replacing {it„} by an 
appropriate subsequence, which we dub again {un}) \\PCdxi{un — u)\\ — )■ and 
IIQCl^n — u)|| — > as n — > cx). Therefore, applying p.l3|) to w„ and taking the 
limit as n oo we obtain the desired result. □ 

We will henceforth use special families of cutoff functions satisfying the following 
properties. 

• We let (Tfe, (Tfe, CT^, cr^f e C^(M"''), fc = 1, • • • , m be cutoff functions such 
that CTfc = 1 in a neighbourhood of G M"'', and o-fc ^ o-^ ^ cr^ ^ ctJ.'. Let 

C{x) = n '^k{x^), with C(a^)i a-nd C,"{^) are similarly defined. 

fe=i 

• We fix Uq and to be neighborhoods of the origin in M"'' such that 
C/q C U'^ and au ~ I onU^. Let ctq, (Tq be cutoff functions in R"'' with 

m 

support (ctq) n f/o = 01 and \S/xkak\ < ctq ^ ^o- Set Co = do H o-;(a;'), 

l=l,l^k 

rn 

and Co = ^0 11 '^'li^'')- Note that CoC'= = C^- 

• We choose the cutoffs functions so that they also satisfy cr^ ^ ^fc: ^fc ^ cr^- 
Hence Co ^ C and Co -< C- 

• In the case fc = 1 we write Co for Co ■ 

The next lemma is the classical result on a composition of pseudodifferential 
operators (see for example [12] )■ In what follows S"" denotes the usual classes SY^q, 
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of symbols p{x,^) satisfying 



did^^p{x,o\<B^^p (i + iei') 



i(m-|/3|) 



for all X, f , a, /3. 



To carry out an approximation scheme we will define a family of smoothing pseu- 
dodifferential operators 5 . 



Definition 2.7. For 6 > we define Ss by 

1 



(2.14) 



3/2 



The operator Ss is partially smoothing; in particular, if it G then Ssu E 

Lemma 2.8. The operator Ss has the following properties: 

(i) Sg G 5"° uniformly in 6 for < i5 < 1, where S'^ is the symbol class defined 
by i2.12\) with m = 0. More precisely, for any s G M 

sup \\Ssu\\^ = \\u\\^ . 

0<S<1 

(ii) Ss : H'' h- ^ iJ" is a bounded operator, with bounds independent of 5. 

(iii) Ifue i?^" for some sq G M then Ssu G H'°+^. 

(iv) If for any s G M, u G H"^^ and lim5__j.o+ HS'^uH^, < C, then u E . 

(v) //a G C^{W^), then 



[a, Ss] 



Er=i E"=i i^^x)-^^ Rs '^^s + Qs ^Ss 



where Rg ^ and ^ are families of pseudodifferential operators of order —2 
uniformly in 5 for Q < 5 < \. 



Proof. Since exp 



2\3/2 



< 1, we have 



\Ssu\\ 



1 + ief 



< 



3/2 



This proves (0) and ([iil. Property (jinl) follows easily from the definition of 6*5. 
On the other hand, if w G H^^^ and limi-^o+ ll'5(5w|| < C then 



1 + ier) 



= lim 

<5-i.0+ 



(l + ler)' 



3/2 



lim IIA^S-xulP < C^. 



(5^0+ 
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So ||m||s < C, which shows ([Iv|. To prove property (jvj) we first note that has been 
shown in [S] Lemma 3.3] using Lemma 12.41 that the principal symbol of [a, Ss] has 
the form 



k=l j = l 

-2 < 



By differentiating £,j jj^^gr^Sg with respect to one can check that the lower order 
terms have the form Qj^Sg. □ 



3. ApRIORI ESTIMATES 

In what follows we establish estimates both for scalar functions u and vector 
functions u, as well as scalar operators L (|1.4p and linear systems of operators L 
(II. 9p . We will state the results for systems of equations, with the understanding 
that linear equations correspond to the case N = 1. The proofs for the scalar or 
systems cases do not differ in any substantial way, so, for simplicity, we only include 
the proof for the scalar case. 

The next lemma gives a useful estimate for subelliptic operators. It follows 
directly from the definition of subellipticity with the help of Lemma 12.61 

Lemma 3.1. Suppose that L, L, given by U.3\) . |_?. 7| ) respectively, are subelliptic 
at xo and that CX ^ C^a° (U), with U a neighbourhood of xq as in and C ^ C- 

Then, for all u G C°° (R"), 



(3.15) IICull^ < C. 



N n 

E E («PWC("g):,. ,C("p)^^ 



p. 9=1 'i,j = l 

< C^|(CLu,Cu)| 



Cu 



Proof. We consider only the scalar case iV = 1. From (|l.ip we have 



(3.16) 
Next, 



\Cu\\t<C{\iL(:uXu)\ + \\Cuf}. 



(3.17) {LCuXu) ^-J2{a^J{Cu).,.,Xu)+Y,{b\Cu).,Xu) + (cCuXu) 

1 1 

Integrating by parts the first term on the right, we have that 

n n 

1 1 

n n 

= E (C")^. ' C") + 2 ^ {a.jCu^^ , Cx,u) 

1 1 

n n 
+ E (««iC2;,W, CxjW) +^ (ai-iCUxiXUxj) ■ 



By Lemma [121 the first and second terms on the right are bounded by CUCmIP, 
while it is clear that the third term on the right also satisfies the same bounds. The 
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same applies to the last two terms on the right of p.l7p . This and p.l6|) yield 



\\cu\\:<c{ 



+ IIC^I1 }■ 



prove the first inequality in p.isp . 

To prove the second inequality in p.isp . integrating by parts we write 



n 

= iCLu, Cu) - {cCu, (u) - {bXux, , Cu) 

1 



and apply Lemma 12.61 the the last two terms on the right. 



□ 



Next, we will establish a number of auxiliary results which will be used to prove 
the main a priori estimate and the main theorem. 

The following lemma is a generalization of Lemma 13.11 for the operators and 
systems of operators of the form (|1.4p . ()1.9p . 

Lemma 3.2. Let L be defined by il.9\) (or by when N ~ 1), with subel- 

liptic at a:g G M"*" and < Afe € C°°(R"'=), /c = I,-- - ,m. Let Uk C W"" be 
neighbourhoods of Xq such that lil.8\} holds with Sk for in Uk (resp. f J. j|) holds 
with £k for Lk in Uk)- Then i/ C, C ^ ^"0° (IlfcLi Uk), with C, < C, for e ^ min^ £k 
we have 

m „ ni rik N y ^ 

E ||yA^A^,(Cu)f < E E (CA;oa^,.,K),.,C(«p),. 



(3.18) 



+C 



Cu 



< C |(CLu,Cu) 



Cu 



Moreover, the same estimate holds when u G Jl^i ^^^(R") 



Proof. It is enough to consider the scalar case iV = 1. First, consider u € H^i (M"). 
Since for each k the operator Lk is subelliptic it follows from p.lSp that for each 
fixed E M"*" we have 

Afe(^) / \Al,{Cu){x)\Ux'' 



Xk{x'^)a^A {x'^)C,{x)u^k {x)C{x)u^k (x) dx* 



+ c 



\C{.x)u{x) 



dx^. 



Integrating the above inequality with respect to x^ and summing over fc = 1, • • • , m 
we obtain the first part of p. 181) . To show that the inequality holds for u e 



J^^j^ 7J^(R") we perform an approximation in the same way it has been done in 



the proof of Lemma 12.6 
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To prove the second part consider each term of the triple sum in the first in- 
equahty of the lemma and integrate by parts 

(3.19) {\ka'^jCu^k,(u^ij) = - (^Xka'^jCu^k.^kXuj - (^(AfcafjC^)^^ u^k,C^ 
We then have 



k—1 — l 



m m rik / \ 

k=l k=l i,j=l ^ ^ ^ 

The second inequality of the Lemma 13.21 then follows from Lemma [ 



□ 

We now formulate the main technical result which allows us to deal with terms 
involving commutators [L, A*^]. The proof relies on Lemma 12.61 and Lemma [ 

Lemma 3.3. Given s e R, there exists C > such that 



I 2 



1/2 



fc=l 



for all functions u € H^i ^(M") and all < S < 1. Here '"^'^ Co o,re the 
cutoff functions defined above. 

Proof. Again, it is enough to consider the scalar case N = 1. We have 
[L,A'SsC]u = [L,A'Ss]Cu + A'Ss[L,(:]u 

m in 

(3.20) = ^[AfcLfe,A^55]Cti + ^A^55[AfcLfc,C]u. 

k=l fc=l 

Next, for any fc = 1, • • • , m, 

[XkLk,A-t>s\ ^ - J2 [Xka'^j,A'Ss]- 

(3.21) ^r' 



i: [Afefe^A^^i] + [Afcc^A«5^] 



9a; 



and 



(3.22) 



[Afeife,C] - Afe[Lfe,C] 



"'fc "'fc \ '''k 



9 



1 



where we used the symmetry of a*^ on the last term. It follows that 
(^C[L,A'Ss(:]u,CA'SsCi 



lit. ILf^ I 



k=l 1,3 = 1 
m Uk 



dx'^dxj 



CuXA'SsCu 



C[A.6f,A^5,] CuXA^SsCu) 
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rn 

k=l 

k=l i,j=l 
m rifc 

+ EE [c^'SsXub'l^uXK'SsC 



k=l i=l 
m rifc 



(3.23) 



-2 EE (a^SsXka'^^C^.-^uXA^SsCi 

fc=l i.,j=l \ j 

I + II + III + IV + V + VI. 



Using Lemma and property (jvj) of the operator Sg, for a smooth function / we 
have 

(3.24) [A''SsJ] = RlsA'-'foSs = RlsA'-'J2T.f-l7rTS5 + Qj^'-'foSs, 



r=l 1=1 



where i?^ s,R^s Q's s pseudodifFerential operators of order uniformly in < 
S <1, and /o is a cutoff function such that /q >- |V/|. Moreover, g — f-R° 5) is 



of degree — 1 uniformly in < (5 < 1 . 

We use this to estimate the first term on the right in (I3.2ip . we obtain 



(3.25) 



rn Kfc 

1^1 < E E 

k,r—l i,j,£—l 
m rifc 

+ E E 

i.,i = l 



92 



eg (A 



We apply to each term on the the first sum Lemma [2.61 with 

92 



P = CR°,sA'-' (A^af, 



and Q = CA" 



Note, that both operators P and Q have order s, and since u £ ^ it follows 
that Sgu e and therefore Lemma [2^ is applicable. Since the second term on 

the right of (I3.25P is dominated by C 



+ \\SsCu\\s_i >, we obtai 



(3.26) 



1/1 <C 



CSsCu 



/2 ■ 



By the first identity in p. 241) it follows that 



\II\ + \III\ < EE [CRls^'-H^'^b'^)^-j:SsCuXA'SsCi 

m 

+ E |(^^°^A^"i {\kc'')^SsCn,CA'SsCu) 



fc=i 



(3.27) 



< C{\\CSsCu 



\CSsCnt_i 
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Using that C^k^k — Co Cx'^x'' (^k ~ CoCx^j and p.24p . it follows that 



\IV\ + \V\ < 5] ^ |(cA^55a^.Q,.AfeCo«,CA^55C 

k—1 



k=l i=l 



(3.28) 



k=l 



(SsCu 



Now, for each term in VI we commute the functions AfcO^jC^fc and C, and carry 
out an integration by parts. We obtain the identity 

VI"'' = 2(^C^'SsXka'l^k-^uXA'SsCu^ 

(3.29) 



CA^SsCu,CA'Ss[Xk4^k 

-2 (^CA" SsCu, Cxi^ A" SsXkaijCx>^u 
- (CA''SsCx'^u,CA''SsXka'^jCxluj 

+ (^C[C,^'Ss]C-^uXA'SsXk4^Cx^u 
+ (c^'SsC^u, C [A'Ss, C] Afco^^-C.. 



t d 



+ \CA^SsC^u,C [Xka^jCx-,^'Ss 



+ c 



A''Ss,Xka^.jCj:k 



C-^uXA^SsCu 



We now consider each term. We have 



kij 



kij 



(3.30) 



< 



< C 



CA-'SsCuXA'SsXk 

j 

(CA^55Cu,CA^55(Afc),.af/,. 



+ \\CSsCu\\t_, + \\XkCoS5Qu 



{^k)^k Co SsC^kU 



+ 



s-l 



We will use the following Wirt inger- type inequality (see e.g. Appendix in [T8^): If 
(j) G C'^ (U) with U open in R", nonnegative, then for any compact subset F C U 
there exists a constant C depending on ||-D^(/>|| T^,-,r^^ with V open and F C V (s^ U , 

II II i> (V ) 
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and dist {F, dV) > such that 

(3.31) \D(j){x)\'^ <C(j3{x) . 

We consider the penuhimate term in p.30|) . 



We commute Cx'' from the right into the left and (Afc)^.fc from the left into the right. 
We obtain 

fe 2 



A" 



+ (^AXoSs (q)'", [(Afe),j , A^] (Afc),. Co^^Co^ 

(Afe),.] Co'^^ (q)'", A^ (Afe),. Co'^^Co^ 

+ ( A'' (Afc)^fc Co C'=,'S'5 Ca;'''", A^ (Afe)^fc Co'S'^Co" 
+ (L-^, A^l (Afe),. Co^5C'=", A^ (Afc),. Co^iCo" 
+ (a^ (A,)^. CoSsCxiu, [^',Cxl] (Afe),. Co^^Co'" 
+ (^A* (Afe)^fc C^SsCx^u, A" (Afe)^fc Co 'S'<5, Ca;fe Co " 



(3.32) < 



QSsiCx") n 



{iXk)x^yCoS5C^^ 



c 



CSsCu 



s-l/2 



The first term on the right is bounded by 

2 



Co Ss (^Ca;f) 



u 



< 



(C,.) A^Co^^Ci 



A'^ 



QSsCu 



A^Co 



Ss, I Ca;'' 



By the Wirtinger inequality p.3ip . it follows that 



(3.33) 



< C 

< C 



2 



CSsCu 

2 



2 

s-1 



C'S'aC" 



s-l 



Similarly, the second term on the right of p.32p is bounded by 



< C A.Co^iCo" L + 



CSsCu 



We obtain 



< c 



+ \\XkCoSsCouf + 



CSsCu 



-1/2. 
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Plugging this estimate on the right of (|3.30|) yields 



(3.34) 




< 










+c 


It easily follows that 








< 


2 



C,SsC,u 



CSsCu 



+ \\CSsCu\\l_, + \\XkCoS5C^i 



s-1/2 



kU 



(3.35) 



< 



CSslu 



s-l 



Commuting into the left, we have that 



VI. 



kij 



< 



< C- 



(Ss (Cx") " 



+ \\XkCoSsCou\\l + 



(SsCu 



Applying p.33p to the first term on the right we obtain 



(3.36) 



< c 



C'SsCu 



s-l 



Using the identity p.24p for [C, A'^S'^], we obtain 



VI 



kij 



^ EE 

r=l l=\ 



lRl,k^-\,.^-^S,l-^uXA^S,Xka%C,^.^ 



+ 



CQ;;^A'-XoS5Cg^u,CA'SsXka'l,Cx.u 



(3.37) 



m rik 

^ EE 

r=l e=i 

+ 



d ^ ~ d 



(^Rl,K^--C.i — S,C^uXA^SsXka'l^Cx^^ 



c{||AfeCo^5Co«||! + IIC'^5C'«||'_i} 



We treat the first term on the right of p.37p in a similar way as we obtain p.32p . 
we commute C,,^k into the left. We proceed in the same way with VI^^'' , to obtain 



(3.38) 



vi: 



kij 



VI. 



kij 



< c 



(SsCu 



+ \\XkC'oSsC^ul + \\CSsCu\\l_,/, 



The treatment of l^/g*"' and VIj^'' is similar. Applying p.24p to 
we obtain 



^kClhCx'' : A'^Ss 



VI, 



kij 



^ EE 

r=l £=1 



(A^SsC-^u,CRlsA'-^Xk4,Cx'r 



dx 



:SsCu 
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(3.39) 



■m rif; 

^ EE 

r=l 1=1 



~. d 



d 



iic'^^c'^iiLi 



We write the terms in the sum above as 



d 



SsC,u 



' dx' 

Plugging this into p.39p . we obtain 



VI, 



kij 



^ EE 

r=l 1=1 



dx 



A-'RlsCA'SsC^u,A%SsCu 



+C{\kSs(:u 



We estimate the first term on the right in the same way as we did 
can be estimated by the same procedure, we obtain 



Since 



(3.40) 



kij 



VL 



kij 



< c 



CSsCu 



+ \\\kCt>SsC^u\\l + \\CSsC'u\\U/^ 



Combining estimates ^3M^ . (|335l) . (|338l) . and (lOO]) yields 

\VI\ < 2^ ^ \VI'''^ 



k—1 iJ—1 



(3.41) 



CSsCu 



Y,\\>^kCoSsC^u\\l + \\CSsCi 



5-1/2 



k=l 



Applying U^M^ . (|322l), dHSHl), and U^A^i to the right of ([3:23| we obtain the 
conclusion of the lemma. □ 

Corollary 3.4. Under the assumptions of Lemma \3.3\ the following estimate holds 



k=l 



a^At^CA'SsCu 



for allueYlk=iH"^\^'')- 



< C 



(CA^55CLu,CA^55Cu 



■ E \\XkC^SsC^u\\l + \\CSsCn\ 

k=l 



2 

s-1/2 
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Proof. Since u e HfcLi -ff'^H*") we have that A'SsC^ e Uk=i -^^(K") so we can 
replace C by C and u by A'^Sg^u in Lemma [3?2] to obtain 

El^^x^' (CA^^iCu)! <c{|(cLA^55Cu,CA^55Cu)| + ||C'A^55Cu||'}. 

The corohary follows by commuting L with A^SsC ^-i^d applying Lemma 13.31 □ 
Lemma 3.5. There exists C > such that 

J2 \\XkCoSsCo^\\l <c[\{CA^-'SsC-Lu,CA^-'SsCn)\ + ||C"^5C"u||'_,} 
Proof. We have 



m N 



k=i p=i 



N 



k=i p=i 



+ c 



N 



< C ^ ^ A^AfeCoA^-^^^Cup +C C'SsCn 



k,e=i p=i 

m N 



(3.42) 



p=i 



Now we recall that by the hypotheses on Afc, we have that \i 1 < I < m, and 
I ^ k then (a;) > for all x in an open neighbourhood of the support of Co ■ 
Hence 



Consequently, 
(3.43) 



bk = min inf Xi (x) > 0, 1 < £ < m. 

i::^^™xesupport(c^) 



AfcCo < ^F^A, (x) Co , 1 < ^, < m. 



We apply ((03)) to the right side of ((02]) to obtain 

711 771 N 

^||AfcCo'5.4u|i; < c^^||a,.Co'a^.ca'^-^5,c^ 

k=l fc=lp=l 



c 



< v^A^.CA^^'^A-Cu +C C'SsCn 



k=l 



We apply Corollary 13.41 with C instead of C, C' instead of C, etc., to the first term 
on the right to obtain 



5]||AfcCo^5Cou|L ^ k/AlA^.CA^-^'^iCu +C C%Cu 



s-l 



< c|||c'5a-Cu|[_^ + |(c'A^-^55C'Lu,C'A^-^55Cu 
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□ 



The last auxiliary result we need is the following Poincarc-type inequality. 

Lemma 3.6 (Poincarc-type inequality). For every < £ < 1 and cutoff ai such 
that do = diam (support (71 ) < \fsj^, there exists C > such that for any u e 



^^oMlCu|L_i}, 



where a (e) = 1/ (4 logj ( — hi 



Proof. We can write 



N 



N 



CA^Cu|| = IICA^C^IP = E (A^iCA^Up, A^fCA^Wp) 

p=l p=l 

For simplicity, we write u = Up. Using Young's inequality, we obtain 



< a 



A^iCA'C" 



2 1 

+ 4^ 



A^CA^C" 



For the second term on the right we similarly obtain 



A^i^CA^w 
Iterating A'' times yields 

2a 



< 4a^ 



A^iCA^w 



+ 



1 



42a2 



< 



1 - 42a2 



1 



(42a 



2^2^^-1/2 



We choose an integer N such that (2^ - l) e > 1 > (2^-^ - l) e, that is, 



(3.44) 



N-K log2 ( - + 1 ) < iV. 



Using Poincare's inequality with respect to x^, and the monotonicity of the 
norms we have 

2 



A-r-^>cAx« 



< 



a;M^CAX« < C'a;M|iCAX« +c\\Cu\\U 



< dl 



Therefore, 



CA^u 



< 



2a 



1 - 42a2 



< dl 



+ 



V,iC'A;M|iCAXn +C\\Cu\\l_^ 
Al^QA^Qu \c\\(:ut_^. 



dl 



(42a2) 



2xiV-l/2 
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We take 4^0^ = d^^ , note that since dl < e/2, and 2/N > l/log^ ( ^ + 1 ) , we 
have 



"o — 



21082(7+1) 



< 



1 



Thus, we obtain. 



< Cd, 



1/(2N) 




+ c?oMlC^IL-i 



Because of (|3.44p this imphes the resuh in the lemma with a (e) = 1/ ^4 logj ^ — h 1^ ^ . 

□ 

Lemma 3.7. There exist e,C > such that for all u e IlfcLi ^''^^(-'^") '^'^^ '^^^ 
0<d<l 



\\SsCn\\l < Cdl 



(3.45) 



Cd, 



-2{l-a(e)) 



1 II^^C'ull 



where c?o,a(e) are as in Lemma \3.6\ We also have that 
(3.46) |15,Cu||, < C{rf^"(^) ll5.-C'Lu||^ + [d. 
Proof. We have 



-2(l-a(£)) 



\\SsC"n\t,} 



\\SsCn\\ 



< 



CA'CSsCu 



< 



CA^^aCCu 
2 



C|15,-Cu||f_, 



+ C 



SsCu 



We apply the Poincare inequality, Lemma 13.61 to the first term on the right 



\SsCn\\l < Cdl^'^ \Al,QA%Ss~^n\ + C (d"^'-'^-' + 1 



a(e) 



A^CA^5^Cu 



< Cd, 



Since Ai = 1, by Corollarv l3.4l we then have 



C{d, 



*0 



k=l 



Taking e small enough (we assume that at least e < 1), we absorb the first term on 
the right into the left, and apply Lemma l3.5l to the third term on the right. We get 



II^^Cull' < Cdf'^ {|(cA^55CLu,CA^5,-Cu)| + |(c'A«-^5,-C'Lu,C'A'^-^5,-Cu)|} 

+c (do"(^'-Vi)||5.c"u|L_,. 

This proves p.45p . The second inequality, p.46p . follows from p.45p after another 
absorption into the left. □ 
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4. Proof of Theorems 11.31 and 11.51 

Suppose u is a distribution on (R")^ such that u e II^i H''^^{W^). If moreover 
CLu e (M") for all ( e (U), then, by for all < S < 1 we have 

||S,Cu|L < Crf^"^^^ II^^C'Lull^ + C + l) ||^^C"u||^_, , 

where the cutoff functions C ^ C ^ (" are supported in U and the constants C, a, 
do do not depend on S. Letting (5 — > by (jrv]) in Lemma 12.81 we obtain 

(4.47) llCull, < Cdf IIC'Lull^ + C + l) ||C"u||^, , 



This inequality suffices to prove the hypoellipticity, without loss of derivatives, of 
L. Indeed, since ^"u is a compactly supported distribution there exists Sq G 1^ such 
that \\tpu\\^^ <oo for all if £ Cg° [u). li Sq > s - e then (|071) implies that S 
i/" (R") for all C e C(f {U). On the other hand, if so < s - e, let N be the positive 

integer such that iVe < s - sq < (iV + 1) £. Let C = C° ^ ^ ^ < C^^ be a 

sequence of cutoff functions supported in U. Iterating (|4.47|) we obtain 



2 

s-je 



for j — 1, . . . , A^. Assembling these estimates yields 

+c(rf-(-"(^»+i)'"ilc-u|i;_,^. 

By the monotonicity of the iJ^-norms, and since sq < s — Ne, it follows that 

IICull, < CiVd^"("'(d„-'('-"(^» + i)'^"'||c2 

+c(d-2(i-"(^» + i)''^llc2^u|i;^ 

Hence £ (R") for all ( e (U) and this finishes the proof. □ 
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